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1. INTRODUCTION 
In a recent paper, Atkinson [l] made extensive use of a transformation 
introduced by Kartsatos in [3] (cf. also [4]) in order to obtain results con- 
cerning the existence, uniqueness, or convergence to zero of positive solutions 
of differential equations of the form 
x” + W, x> = Q(t), (l-1) 
where H(t, X) is positive and increasing for x > 0. A part of Atkinson’s 
results was based on the fact that Eq. (1 .l) with Q(t) f 0 has a positive 
(or bounded and positive) solution if and only if this is the case for 
xn + H(f, x) < 0. (1.2) 
As suggested by Teufel [8], we should prefer to study (1.2) rather than 
(1.1) whenever an equivalence of problems like the above holds between (1.1) 
and (1.2). The author feels that the results of Atkinson [l] do hold equally 
well in the nth-order case. However we only extend here those results of the 
above paper that are intimately related to oscillation. Namely, we first show 
that the existence of a positive solution of the inequality 
a+“) + H(f, x) < 0, n even, (*I 
implies the same fact for the equation 
X(n) + H(t, x) = 0, (**I 
provided that H is positive and increasing for positive x. This result is then 
connected to the oscillation of (**) via comparison with another equation of 
the same type, which is oscillatory. This is actually the content of Section 2. 
In Section 3 we present a theorem concerning the behavior of positive solu- 
tions of the inequality 
x(*) + H(t, x) <Q(t). (l-3) 
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A corollary to this theorem will provide the oscillation of all solutions of the 
equation 
x(n) + H(t, x) = Q(t). (1.4) 
The reader is referred to Kartsatos [2, 3, 41, Kartsatos and Manougian [Sj, 
and Teufel [7, 81 for results related to the contents of this paper. For exten- 
sions to functional equations, the papers of True [9] and Kusano and Onose 
[6] are the only references. 
In what follows, R = (-00, co), R, = [0, co). The function H(t, X) in 
(1.3), (1.4) will be defined and continuous on R, x R with values in R. 
Moreover, it will be assumed that uH(t, u) > 0 for u E R with u # 0, and 
that H is nondecreasing in u. By a solution of (1.3) [(1.4)] we mean any func- 
tion x E Cn[t, , co), which satisfies (1.3) [(1.4)] for all t E [t, , co). Here t, 
depends on the solution x(t). The set of all such solutions of (1.3) [(1.4)] will 
be denoted by 6 (9s). A function x E & (X E Fa) is said to be “oscillatory” 
if it has an unbounded set of zeros in its interval of definition [t, , co). If all 
x E Sr (X E Pa) are oscillatory, then the inequality (1.3) (Eq. (1.4)) is said to be 
oscillatory. 
A function x E & (X E S?J is said to be of class B( T, k) if there exists 
(T, k) E R, x {I, 2 ,..., n - l} with the property 
(- l>i .(i)(t) < 0, i = k + 1, R + 2,..., n 
x(i)(t) > 0, i = 0, 1, 2 ,..., k 
for every t > T. 
2. RELATIONSHIPS BETWEEN (*) AND (**) 
We show now that the existence of a positive solution of (*) implies the 
fact for (**). The opposite is obviously true. 
LEMMA 2.1. Let z(t) be a solution of (*), which is positive for all large t. 
Then z(t) belongs to the class B( T, k) f or some T > t, and some odd k. Now let 
x,, be such that 0 < x,, < X(T). Then there exists a solution x(t) of (**) such 
that x(T) = x,, and, for t > T, 
0 < x(i)(t) < 29(t), i = 0, l,..., k (2.1) 
0 > (-l>i x(i)(t) > .(i)(t), i = k + 1, k + 2 ,..., n. (2.2) 
Thus, x E B(T, k). 
Proof. Since x(t) > 0 and zcn)(t) = --H(t, z(t)) < 0 for all large t, it 
follows that all the derivatives of z(t), up to the order n, are of constant 
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sign for all large t. Moreover, no two consecutive derivatives can be eventually 
negative, for this would imply that lim,,, z(t) = --CO, a contradiction. 
Thus, there exists T > t, and an odd K (1 < k < 12 - 1) such that 
z E B(T, k). Now let x0 be such that 0 < x,, < z(T). Then integrating (*) 
from t to IL with u 2 t >, T we obtain 
d-(t) 3 z(‘+L) + j- H(s, x(s)) ds 
t 
b s u fJ(s, .+)) ds, t 
(2.3) 
which implies 
z-)(t) 3 6 H(s, x(s)) ds, t >, T. (2.4) 
A new integration from t to u > t 3 T yields 
and since 
$?-a(4 - .$n-‘a t > ( ) 
,+2)(t) < 0, 
.(n-2)(t) < - 
ss 
tm u* H(s, z(s)) ds du, . 
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Similarly, we obtain 
= qt, z), t > T. 
(2.5) 
(2.6) 
(2.7) 
Integrating (2.7) k times from T to t >, T we obtain 
z(t) 3 z(T) + cc*’ ... c’ @(s, z) ds dv, .a. dvssl 
= z(T) + Y(t, z). 
Now define 
x0(t) = 4 
(239 
G+,(t) = x0 + w, 4, n = 1, 2,.... 
(2.9) 
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Then from (2.8) we obtain by induction that 
0 < %&(t) < #, t > T, n = 0, 1 ,..., 
and that 
%+1(t) G %dt), t > T, n = 0, l,.... 
(2.10) 
(2.11) 
Consequently, letting lim,,, xn(t) = x(t), and applying Lebesgue’s 
theorem on monotone convergence we get 
x(t) = x0 + Y(t, x). (2.12) 
It follows easily that x(t) has the desired properties. 
It is obvious that corresponding results hold with respect to negative 
solutions. With this in mind we have the following corollary, which we state 
as a theorem, due to its particular importance. 
THEOREM 2.1. Let the functions H,(t, u), i = 1, 2 be defined on R, x R, 
increasing with respect to u, and such that uHi(t, u) > 0 for u # 0. Let 
P E C”[R+ , R], P(“)(t) = Q(t) for every t E R, , and lim,,, P(t) = 0. Then if 
P(t) has an unbounded set of zeros and 
f-&(4 u) < &it, 4, tER+, u>O 
Hdt, 4 3 f&(6 4, tER+, u<O 
and the equation 
dn) + H,(t, x) = Q(t) 
is oscillatory, this is also the cm-e for the equation 
(2.13) 
x(“) + H,(t, x) = Q(t). (2.14) 
Proof. Let (2.14) be nonoscillatory. Then there exists at least one non- 
oscillatory solution x(t) of (2.14). A ssume that x(t) is positive for t > T 3 t, . 
Then the function u(t) = z(t) - P(t) is an eventually positive solution of the 
equation 
d”) + H,(t, u + P(t)) = 0, (2.15) 
In fact, u(t) + P(t) > 0 on [T, cc), which implies utn)(t) < 0 on [T, CD). 
Consequently, u(t) has to be eventually of constant sign. If  u(t) < 0 for all 
large t, then P(t) > -u(t) > 0 for all large t, a contradiction to the oscillatory 
character of P(t). Let u(t) > 0 eventually. Then it follows, as in the proof of 
Lemma 2.1, that there exists Tl > T and an odd k such that u E B( Tl , k). 
Thus, in particular, u(t) > 0, u’(t) > 0 for every t > Tl . 
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Let now Tr be large enough so that we also have 1 P(t)1 < c < u(T,) for all 
t >, TI , where c is a positive constant. Then we obtain 
am(t) + II& u(t) + P(t)) < .yq + &(t, u(t) + P(t)> = 0 (2.16) 
for every t >, Tr . Notice that u(t) + P(t) > 0 for t > TX , Consequently, 
the inequality 
ad(n) + N,(t, I4 + P(t)) < 0 (2.17) 
has a solution u E B(T, , k). Now it is easy to show the existence of a positive 
solution to the integral equation’ 
v(t) = c + YJt, v + P), t >, TI . (2.18) 
We only have to note that if 
v,(t) = 44 
(2.19) 
%a+,(4 = c + Yl(f, vn + P), n = 1, 2,..., 
then H(& vn(t) + P(t)) > 0 for every n, because v,(t) + P(t) > c + P(t) > 0 
for t > Tr . If we differentiate (2.18) n times, we obtain 
v(“)(t) + H,(t, v(t) + P(t)) = 0. (2.20) 
Letting r(t) = v(t) + P(t), we get 
+(t) + &(t> y(t)> = Q(t), t 2 TI . (2.21) 
Since v(t) + P(t) > c + P(t) > 0, (2.21) has an eventually positive solution, 
a contradiction. An analogous proof can be given if we start with an eventually 
negative solution of 2.14. This completes the proof. 
The following corollary is actually Lemma 2.1 but for bounded solutions. 
COROLLARY 2.1. If z(t) in the statement of Lemma 2.1 is also bounded, then 
there exists a boundedpositive solution x(t) of (**) such that (2.1) and (2.2) hoEd. 
A corresponding statement for Theorem 2.1 is the following. 
COROLLARY 2.2. Let the hypotheses of Theorem 2.1 hold with the only 
d@erence that only the bounded solutions of (2.13) are oscillatory. Then all the 
bounded solutions of (2.14) are also oscillatory. 
’ ul, is like Y in (2.8) with H replaced by H, . 
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3. PERTURBED NONLINEAR EQUATIONS 
THEOREM 3.1. Let (**) have no eventually positive solution. Let 
PE F[R+ , R] be such that P(“)(t) E Q(t), t E R, and 
1$&f P(t)/P-l = 0 
lim inf P(t) 3 0. t+m 
(3.1) 
(3.2) 
Then ;f y E Sl is eventually positive we must have 
YW < P(t), y’“-l’(t) > P(n-1)(t) (3.3) 
for all large t. If, moreover, equality holds in (3.2), then 
lim[y’i’(t) - P@)(t)] = 0, i = 0, I,..., n - 1. 
Proof. We first show the second of (3.3). Let u(t) = y(t) - P(t). Then 
u(t) satisfies the inequality 
@)(t) + w, u(t) + P(t)> < 0, (3.4) 
from which, utn)(t) < 0 for t 2 (say) T 2 t, . 
Then, as in the proof of Lemma 2.1, all the derivatives of u(t), up to the 
order n, are of one sign for all large t. Assume for the moment that @-l)(t) 
is nonpositive for some t, 3 T. Then &-l)(t) < 0 for t > t,, , and this, 
along with G)(t) < 0, t 2 to would imply that u(*-2)(t) < --mt for some 
positive number m, and for all large t. From this it follows easily that 
u(t) < --mltn-l for some m, > 0 and this is a contradiction to (3.1). 
To show the first of (3.3) assume for the moment that there exists a 
sequence {tn}, t, > t, such that lim n+a, t, = + co and y(L) - J’(h) 3 0. 
Then, by what we have just proved, 
y(t) - P(t) > 0 eventually. 
This however, implies, as in the proof of Lemma 2.1, that 
y’(t) - F(t) > 0 eventually. 
Let (3.5) and (3.6) hold for t 3 Tl 3 T. Then we have 
r(t) - PO> > y(Td - VJ > 0, t 3 Tl . 
Let 
(3.5) 
(3.6) 
(3.7) 
z(t) = [r(t) - WI - [YV’J - PP’JI > 0. (3.8) 
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Then there exists T2 >, Tl such that 
0 < 44 -c y(t), t > T, . 
This follows from (3.2) and (3.8). Consequently, since 
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(3.9) 
.2+)(t) = y’“‘(t) - Q(t), 
-+Yt) + w, y(t)) < 0, t 3 T, , 
and, since H is increasing, 
(3.10) 
,+)(t) + fw, z(t)) d 0, t > T, . (3.11) 
Thus, (3.11) has an eventually positive solution. This implies the existence 
of an eventually positive solution of (**) (by Lemma 2.1), a contradiction. 
Consequently, the first of (3.3) is proved. Now let the equality hold in 
(3.2). Then since y(t) - P(t) < 0 we must have y’(t) - P’(t) > 0 for all 
large t. In fact, since y(+l)(t) - P(+l)(t) > 0, the first eventually negative 
derivative of y - P in descending order ,< 71 - 1 (if there is any) must be 
of even order. Thus, if we assume that y’(t) - P’(t) < 0 eventually, then 
y”(t) -- P”(t) < 0 eventually, and this implies 
l$Y@) - p(t)] = - 00, (3.12) 
or lim,,, P(t) = + 03, a contradiction to the property lim inf,,, P(t) = 0. 
Hence, y’(t) - P’(t) > 0 eventually. This implies now that 
.(i)(t) = y(i)(t) - P(i)(t) 
is of alternating sign eventually for i = 0, I,..., n. Thus, 
lim[y(“)(t) - Pci)(t)] = 0, i = 1, 2 )..., 92 - 1) (3.13) 
f+x 
otherwise we would have 
(3.14) 
a contradiction. Moreover, 
(3.15) 
because [y(t) - P(t)] < 0 eventually, and 
&[r(t) - P(t)1 2 0 (3.16) 
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because Al > 0, lim inf,-, P(t) = 0. This completes the proof of the 
theorem. 
The following theorem can be proven exactly as Theorem 3.1 and it is 
concerned with bounded solutions. 
THEOREM 3.2. Let (**) have no bounded eventually positive solution. Let 
the rest of the assumptions of Theorem 3.1 hold. Then the conclusion of Theorem 
3.1 holds for a bounded y E SI . 
A necessary condition for (1.3) to have an eventually positive solution is 
given by 
THEOREM 3.3. Let P E C”[R+ , R] be such that P(n)(t) G Q(t), t E R, , 
P(t) > 0 and lim inft+, P(t) = 0. Let 
Then if (1.3) has an eventually positive solution, there exists t, > 0 such that 
q, to> > jtm jum_, -** juy qs, P(s) - M(s, to)) ds du, *‘* d”?+, 
n 
for every t > to . 
Proof. Assume the existence of an eventually positive solution y(t) of 
(1.3). Then it follows from the proof of Theorem 3.1 and Lemma 2.1 that 
there exists t, >, t, such that y(t) > 0, P(t) - y(t) > 0 and 
P(t) -y(t) > JJ-U;-I *** g H(s, y(s)) ds du1 ... dun-1 (3.17) 
for every t > t, . Since P(t) - y(t) is decreasing, we have 
w> - YW < M(4 to> for t > t, . 
The inequality (3.17) follows now easily, and this completes the proof. 
Sufficient conditions for the oscillation of all solutions of (1.4) are given by 
the following theorem and they are direct consequences of the above con- 
siderations. 
THEOREM 3.4. Let (**) be oscillatory. Then (1.4) is oscillatory for a given 
real, continuous Q E C[R+ , R] under any of the following conditions: 
(i) there exists P E C”[R+ , R] with P(n)(t) = Q(t), P(t) - 0 as t 4 00, 
and P(t) is oscillatory; 
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(ii) there exist Pi E C”[R+ , R], i = 1, 2 such that 
Pi”‘(t) = Q(t), lim inf PI(t) = 0, lim sup P2(t) = 0, 
t+m t+m 
and Pi is oscillatory. 
DISCUSSION 
It should be noted that the results of this paper can be extended to cover 
the case TZ = odd. It would also be interesting to extend the comparison 
theorem of Section 2 to the case of a functional-differential equation. Inci- 
dentally, this comparison theorem covers all three important cases: sublinear, 
linear, superlinear, if Eqs. (2.13) and (2.14) take the forms 
xc”) + W)&) = Q(t), 
x(“) + h(t)&) = Q(t), 
where &(t) < S,(t). We did not make use everywhere of the fact that 
H(t, U) < 0 for u < 0 and H(t, U) is increasing for u < 0. However, the 
statements of the theorems concerning the existence of positive solutions can 
be readily modified to yield the existence of negative solutions without any 
additional assumptions on H(t, u). 
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